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Abstract. We consider the iterates of a generic injective piecewise contraction of the
interval defined by a finite family of contractions. Let φi : [0, 1] → (0, 1), 1 ≤ i ≤ n, be
C2-diffeomorphisms with supx∈(0,1) |Dφi(x)| < 1 whose images φ1([0, 1]), . . . , φn([0, 1])
are pairwise disjoint. Let 0 < x1 < · · · < xn−1 < 1 and let I1, . . . , In be a partition of the
interval [0, 1) into subintervals Ii having interior (xi−1, xi), where x0 = 0 and xn = 1.
Let fx1,...,xn−1 be the map given by x 7→ φi(x) if x ∈ Ii, for 1 ≤ i ≤ n. Among other
results we prove that for Lebesgue almost every (x1, . . . , xn−1), the piecewise contraction
fx1,...,xn−1 is asymptotically periodic.
1. Introduction
We say that f : [0, 1)→ [0, 1) is a piecewise contraction (PC) of n intervals if there exist
0 < κ < 1 and a partition of [0, 1) into n intervals I1, . . . , In such that f |Ii is κ-Lipschitz
for every 1 ≤ i ≤ n.
Much attention has been devoted to injective piecewise contractions of the interval
because they appear as Poincare´ maps. For instance, Poincare´ maps induced by some
Cherry flows on transverse intervals are topologically conjugate to injective piecewise
contractions (see [8]). Injective PCs of the interval also arise as Poincare´ maps of strange
billiards governing switched server systems (see [2, 6, 10]), and in the study of a certain
class of outer billiards (see [9]).
In [11], Nogueira and Pires proved that every injective PC f of n intervals has at most
n periodic orbits. Here we are concerned with the long-term behavior of the iterates
of f . For this purpose we recall two notions of periodicity. A finite set γ ⊆ [0, 1) is a
periodic orbit of f if there exist p ∈ [0, 1) and an integer k ≥ 1 such that fk(p) = p
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2 PIECEWISE CONTRACTIONS OF THE INTERVAL
and γ = {p, f(p), . . . , fk−1(p)}. We say that f is asymptotically periodic if there exist an
integer r ≥ 1 and periodic orbits γ1, . . . , γr of f such that ω(x) ∈ {γ1, . . . , γr} for every
x ∈ [0, 1), where ω(x) =
⋂
m≥0
⋃
k≥m f
k(x) is the ω-limit set of x. A weaker notion of
periodicity is the following. Let ϕ : [0, 1)→ {1, . . . , n} be the piecewise constant function
defined by ϕ(x) = i if x ∈ Ii. The itinerary of the point x ∈ [0, 1) is the sequence of digits
d0, d1, d2, . . . defined by dk = ϕ
(
fk(x)
)
. We say that the itineraries of f are eventually
periodic if the sequence d0, d1, d2, . . . is eventually periodic for every x ∈ [0, 1).
Our main result asserts that generically injective PCs of n intervals are asymptotically
periodic and have at least one and at most n periodic orbits, all of them attracting
and stable. The existence of PCs without periodic orbits shows that not all piecewise
contractions are asymptotically periodic.
In what follows we partition the set of injective PCs of n intervals into subsets C ,
where each C is determined by a fixed system of n contractive maps of the interval.
Let A1, . . . , An be a sequence of pairwise disjoint compact subintervals of (0, 1) and φi :
[0, 1]→ Ai be a C
2-diffeomorphism with sup0<x<1 |Dφi(x)| < 1 for every 1 ≤ i ≤ n. Let
(1) Ω = {(x1, . . . , xn−1) | 0 < x1 < · · · < xn−1 < 1} ,
x0 = 0 and xn = 1. Let (x1, . . . , xn−1) ∈ Ω and let I1, . . . , In be a partition of [0, 1) into
subintervals Ii having interior (xi−1, xi). Let fx1,...,xn−1 : [0, 1) → [0, 1) be the PC of n
intervals defined by
(2) fx1,...,xn−1(x) = φi(x) for every x ∈ Ii and 1 ≤ i ≤ n,
so its discontinuities are x1, . . . , xn−1 and its continuity intervals are I1, . . . , In. We de-
note by C the set of all maps fx1,...,xn−1. Notice that 2
n−1 maps are associated to each
(x1, . . . , xn−1) ∈ Ω.
A periodic orbit γ of fx1,...,xn−1 is said to be stable if γ ⊆ [0, 1) \ {x1, . . . , xn−1}.
Now we are able to state our main result.
Theorem 1.1. For almost every (x1, . . . , xn−1) ∈ Ω, every fx1,...,xn−1 has 1 ≤ r ≤ n stable
periodic orbits γ1, . . . , γr such that ω(x) ∈ {γ1, . . . , γr} for every x ∈ [0, 1).
Theorem 1.1 is closely related to [4, Theorem 2.2] of Bre´mont, however our approach
uses Ergodic Theory and is different from the one presented in [4]. Moreover, our def-
inition of periodic orbit is the standard one and in our terminology [4, Theorem 2.2]
states that the itineraries of almost every injective PC are eventually periodic. There
are piecewise contractions that, despite having only eventually periodic itineraries, fail to
be asymptotically periodic (see Example 4.1). Therefore Theorem 1.1 is stronger than
[4, Theorem 2.2] and does not depend on the type of partition considered.
We call attention to two articles which are related to our work. In [7], Gambaudo and
Tresser listed all possible itineraries generated by a piecewise contraction f : X1 ∪X2 →
X1∪X2, where Xi is a complete metric space and f |Xi is a contraction for i = 1, 2. Bruin
and Deane [5] considered piecewise-linear contractions of R2 and proved that a large class
of these maps are asymptotically periodic.
This article is organised in the following way. For the sake of clarity, the proof of
Theorem 1.1 is split up into the next two sections. Section 2 includes an alternative proof
PIECEWISE CONTRACTIONS OF THE INTERVAL 3
of [4, Theorem 2.2] whose contents will be essential to Section 3, where we prove our main
result. In Section 4 we provide an example of a PC of two intervals without periodic orbit
whose itineraries are eventually periodic.
Throughout this article all metrical statements concern the Lebesgue measure.
2. Eventually periodic itineraries
The first part of the proof of our main theorem leads to the following:
Theorem 2.1. For almost every (x1, . . . , xn−1) ∈ Ω, the itineraries of every fx1,...,xn−1 are
eventually periodic.
If the partition of the interval [0, 1) equals I1 = [x0, x1), . . . , In = [xn−1, xn), then
Theorem 2.1 and [4, Theorem 2.2] are equivalent. The approach followed in [4] uses a
series of distortion lemmas to estimate the images of the continuity intervals Ii by f ∈ C .
Here, instead of looking at the images of the partition intervals, we look at the preimages
of the discontinuities of f . This approach was motivated by the analysis of the switched
server system considered in [6]. It is convenient because it allows to define an expanding
piecewise smooth Markov map g : [0, 1] → [0, 1] which is a left inverse of every f ∈ C .
Hence, the study of the map g provides some insight into the behaviour of a typical
member of C . By the ergodic properties of g given by the Folklore Theorem, its forward
orbit x, g(x), g2(x), . . . is dense in [0, 1] for almost every x. In terms of C , this means that
for almost every (x1, . . . , xn−1), the backward orbit of f = fx1,...,xn−1 of every discontinuity
xi is the dense forward g-orbit of xi until it hits a gap, namely a maximal subinterval in
[0, 1) \ f ([0, 1)). Hence f admits an invariant quasi-partition which ensures that the
itineraries of f are periodic.
Let f = fx1,...,xn−1 ∈ C . A collection P = {Jℓ}
m
ℓ=1 of pairwise disjoint open subintervals
of (0, 1) is an invariant quasi-partition under f if the following is satisfied:
(P1) The set H = (0, 1) \ ∪mℓ=1Jℓ is finite and contains {x1, . . . , xn−1};
(P2) There exists a map τ : {1, . . . , m} → {1, . . . , m} such that f (Jℓ) ⊆ Jτ(ℓ) for every
1 ≤ ℓ ≤ m.
Lemma 2.2. If f admits an invariant quasi-partition, then its itineraries are eventually
periodic.
Proof. Let P = {Jℓ}
m
ℓ=1 be an invariant quasi-partition under f . Let 1 ≤ ℓ0 ≤ m and
{ℓk}
∞
k=0 be the sequence defined recursively by ℓk+1 = τ(ℓk) for every k ≥ 0, where τ
is given by (P2). It is elementary that the sequence {ℓk}
∞
k=0 is eventually periodic. By
(P1), there exists a unique map η : {1, . . . , m} → {1, . . . , n} satisfying Jℓ ⊆ Iη(ℓ) for
every 1 ≤ ℓ ≤ m, thus the sequence {η(ℓk)}
∞
k=0 is eventually periodic. By definition, the
itinerary of any x ∈ Jℓ0 is the sequence {η(ℓk)}
∞
k=0.
Now let x ∈ H which is a finite set by (P1). If Of(x) ⊆ H , then, as f is injective, the
orbit of x is periodic, hence its itinerary is periodic. Otherwise, there exist 1 ≤ ℓ0 ≤ m
and k ≥ 1 such that fk(x) ∈ Jℓ0 . By the above, the itinerary of f
k(x) is eventually
periodic and so is that of x. This proves the lemma. 
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Next we state a particular version of the Folklore Theorem, a known result in one-
dimensional dynamics. It holds for expanding Markov maps with a finite or countable
partition satisfying the bounded distortion property supi supx,y∈Ki |D
2f(x)|
/
|Df(y)|2 <
∞. In the version below, this property follows automatically from the hypothesis (i)
because the partition is finite. A proof of the result can be found in [1, pp. 305–310], see
also [3]. Let A denote the topological closure of any A ⊆ R.
Theorem 2.3 (Folklore Theorem). Let K1, . . . , Kd be a partition of [0, 1] into d intervals,
c > 1 and g : [0, 1]→ [0, 1] be a map such that for every 1 ≤ i ≤ d the following holds
(i) g|Ki extends to a C
2-diffeomorphism from Ki onto [0, 1];
(ii) |Dg(x)| ≥ c, for every x in the interior of Ki.
Then g has an invariant ergodic probability measure µ equivalent to the Lebesgue measure.
Corollary 2.4. Let g and µ be as in Theorem 2.3, then for almost every x ∈ [0, 1] the
orbit of x, Og(x) = {x, g(x), g
2(x), . . .}, is dense in [0, 1].
Proof. Let 1 ≤ ℓ ≤ m and Jℓ,m = (
ℓ−1
m
, ℓ
m
). As the measure µ is equivalent to the Lebesgue
measure, µ(Jℓ,m) > 0, thus, as g is ergodic, Dℓ,m = ∪
∞
k=0g
−k(Jℓ,m) = [0, 1] almost surely.
So J = ∩∞m=1 ∩
m
ℓ=1 Dℓ,m = [0, 1] almost surely and Og(x) = [0, 1] for every x ∈ J . 
We call a map g : [0, 1]→ [0, 1] satisfying the hypotheses of Theorem 2.3 an expanding
piecewise smooth map. The next result and Corollary 2.4 are of paramount importance
for proving Theorem 2.1.
Lemma 2.5. There exists an expanding piecewise smooth map g : [0, 1]→ [0, 1] such that
g (f(x)) = x for every x ∈ [0, 1) and every f ∈ C .
Proof. The map φi : [0, 1] → Ai is a contractive C
2-diffeomorphism, thus its inverse
φ−1i : Ai → [0, 1] is a C
2-diffeomorphism satisfying ci = infx∈Ai |Dφ
−1
i (x)| > 1. Moreover,
the sets A1, . . . , An are pairwise disjoint compact subintervals of (0, 1), thus [0, 1)\
⋃n
i=1Ai
is the union of the pairwise disjoint intervals B1, . . . , Bn+1. Denote by Lj the unique
increasing affine map from Bj onto [0, 1]. Note that its slope is at least c˜ = minj |Bj|
−1,
where |Bj | is the length of Bj. By definition A1, . . . , An, B1, . . . , Bn+1 is a partition of
[0, 1). Let g : [0, 1]→ [0, 1] be the map defined by
(3) g(x) =

φ
−1
i (x) if x ∈ Ai for some 1 ≤ i ≤ n
Lj(x) if x ∈ Bj for some 1 ≤ j ≤ n + 1
.
By construction, g is an expanding piecewise smooth map which satisfies all the conditions
of Theorem 2.3 with c = min {c1, . . . , cn, c˜}. Let f = fx1,...,xn−1 ∈ C , then f(x) = φi(x) ∈
Ai, for every x ∈ Ii, thus g (f(x)) = g (φi(x)) = φ
−1
i (φi(x)) = x. 
Proof of Theorem 2.1. Let g : [0, 1]→ [0, 1] be the map defined in (2.1), thus g satisfies
the hypotheses of Theorem 2.3. Let J = {x ∈ [0, 1) | Og(x) = [0, 1]}, thus by Corollary
2.4, J = [0, 1] almost surely. Let Ω be the set defined in (1) and
(4) U = Ω ∩ Jn−1, thus U = Ω almost surely.
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Let (x1, . . . , xn−1) ∈ U , hereafter we will prove that f = fx1,...,xn−1 ∈ C admits an
invariant quasi-partition.
We denote by f−1 the inverse of the map x ∈ [0, 1) 7→ f(x) ∈ f ([0, 1)), thus its domain
equals f ([0, 1)). If f−1 can be iterated k ≥ 0 times at x, we denote by f−k(x) the kth
iterate of f−1 at x. Let G = [0, 1) \ f ([0, 1)) , S =
∞⋃
k=0
fk(G) and W = [0, 1) \ S.
Claim A. The set G has a nonempty interior and G, f(G), f 2(G), . . . are pairwise disjoint.
The image f([0, 1)) = ∪ni=1f(Ii) ⊆ ∪
n
i=1Ai and ∪
n
i=1Ai is a compact subset of the in-
terval (0, 1), hence (0, 1) \ ∪ni=1Ai is a nonempty open subset of G which proves the first
assertion. Now note that G∩f ([0, 1)) = ∅ and fk(G) ⊆ f ([0, 1)), hence fk(G)∩G = ∅ for
every integer k ≥ 1. Therefore, as f is injective, the sets G, f(G), f 2(G), . . . are pairwise
disjoint. This proves Claim A.
Claim B. W ⊆ f ([0, 1)) and f−1(W ) ⊆W .
We have that W = [0, 1) \
⋃∞
k=0 f
k(G) ⊆ [0, 1) \G = f ([0, 1)). Moreover, the fact that
f−1(G) = ∅ and f is injective imply that f−1(S) = S, so f−1(W ) ⊆W .
Claim C. f−1 = g|f([0,1)).
By Lemma 2.5, g(f(x)) = x = f−1(f(x)) for every x ∈ [0, 1).
Claim D. {x1, . . . , xn−1} ⊆ S.
By contradiction, assume xi ∈ W for some i, thus Of−1(xi) is well defined by Claim B.
By Claim C, Of−1(xi) = Og(xi). As xi ∈ J , Og(xi) is dense in [0, 1) and so is Of−1(xi).
As G contains a nonempty open set, there exists qi ≥ 0 such that f
−qi(xi) is in the in-
terior of G or equivalently, xi ∈ f
qi(G). Thus xi ∈ S, i.e. xi 6∈ W , which is a contradiction.
Claim E. For every 1 ≤ i ≤ n− 1, there exists a unique qi ≥ 0 such that xi ∈ f
qi(G).
By Claim D, there exists qi ≥ 0 such that xi ∈ f
qi(G) for every 1 ≤ i ≤ n − 1. By
Claim A, G, f(G), f 2(G), . . . are pairwise disjoint, thus qi is unique.
Claim F. Let Qi = {f
−ℓ(xi) | 0 ≤ ℓ ≤ qi}, thus f
−1(Qi) ⊆ Qi for every 1 ≤ i ≤ n− 1.
This claim follows from the fact that f−qi(xi) ∈ G and f
−1(G) = ∅.
Claim G. Let J1, . . . , Jm be the connected components of (0, 1)\∪
n−1
i=1Qi, then P = {Jℓ}
m
ℓ=1
is an invariant quasi-partition under f .
The collection P is a quasi-partition which fulfills condition (P1). Let us show that it
satisfies condition (P2). Let 1 ≤ ℓ0 ≤ m, thus by the definition of Jℓ0, {x1, . . . , xn−1} ∩
Jℓ0 = ∅, which implies that f(Jℓ0) is an open interval. We claim that f(Jℓ0) is con-
tained in the open set
⋃m
ℓ=1 Jℓ. Suppose that this is false, then f(Jℓ0) ∩ Qi 6= ∅ for some
1 ≤ i ≤ n−1. By the injectivity of f , Jℓ0 ∩f
−1(Qi) 6= ∅. By Claim F, Jℓ0 ∩Qi 6= ∅, which
contradicts the definition of P. This proves Claim G.
The proof of Theorem 2.1 now follows from Claim G together with Lemma 2.2. 
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3. Asymptotically periodic orbits
We keep the notation used in Section 2. Let (x1, . . . , xn−1) ∈ U , then the itineraries of
fx1,...,xn−1 are eventually periodic, by Theorem 2.1. We will prove bellow that fx1,...,xn−1 is
indeed asymptotically periodic for almost every (x1, . . . , xn−1) ∈ U .
By the definition, 0 < f(x) < 1, for every x ∈ [0, 1). We say that fx1,...,xn−1 ∈ C has a
g-connection if there exist 1 ≤ i ≤ n− 1, 0 ≤ j ≤ n and k ≥ 1 such that gk(xi) = xj .
Lemma 3.1. For almost every (x1, . . . , xn−1) ∈ Ω, every fx1,...,xn−1 has no g-connection.
Proof. The set Ni,j,k =
{
(x1, . . . , xn−1) ∈ Ω | xj = g
k(xi)
}
is the graph of a smooth func-
tion, for every 1 ≤ i, j ≤ n − 1 and k ≥ 1, thus it is a null set. Let Ni,0,k ={
(x1, . . . , xn−1) ∈ Ω | x0 = 0 = g
k(xi)
}
andNi,n,k =
{
(x1, . . . , xn−1) ∈ Ω | xn = 1 = g
k(xi)
}
.
Let us prove that both are null sets. Let K = ∪∞k=0g
−k({0, 1}). Since g is a finite-to-one
map, the set K is countable. Let πi : Ω → [0, 1) be the projection (x1, . . . , xn−1) 7→ xi,
therefore πi(Ni,0,k) ⊆ K and πi(Ni,n,k) ⊆ K, hence Ni,0,k and Ni,n,k are null sets. We have
proved that the set
n−1⋃
i=1
n⋃
j=0
∞⋃
k=1
Ni,j,k is a null set. This proves the lemma. 
Proof of Theorem 1.1. Hereafter, assume that f = fx1,...,xn−1 has no g-connection.
Claim H. For every x ∈ ∂G, g(x) ∈ {x0, x1, . . . , xn}.
The boundary of G equals ∪ni=1∂f(Ii) ∪ {0, 1}. By the definition of g in (2.1), g(0) =
0 = x0 and g(1) = 1 = xn. Let a, b ∈ ∂f(Ii) with a < b. Without loss of generality,
assume that f |Ii is increasing, then a = limǫ→0+ f(xi−1 + ǫ). Moreover, a ∈ f (Ii) ⊆ Ai.
By (2.1), g is continuous on Ai and g(f(x)) = x for every x ∈ Ii, so
g(a) = g
(
lim
ǫ→0+
f(xi−1 + ǫ)
)
= lim
ǫ→0+
g (f(xi−1 + ǫ)) = lim
ǫ→0+
(xi−1 + ǫ) = xi−1.
Analogously g(b) = xi which proves Claim H.
Claim I. f−k(xi) = g
k(xi) for every 1 ≤ i ≤ n− 1 and 0 ≤ k ≤ qi.
By Claim E, f−k(xi) is well defined for every 0 ≤ k ≤ qi. By the definition of f
−k and
Claim C, f−k(xi) = g
k(xi), which proves Claim I.
Claim J. f−qi(xi) belongs to the interior of G for every 1 ≤ i ≤ n− 1.
By the definition of qi, f
−qi(xi) ∈ G. By contradiction assume f
−qi(xi) ∈ ∂G, then,
by Claim H, g (f−qi(xi)) = xj , where 0 ≤ j ≤ n. On the other hand, by Claim I,
f−qi(xi) = g
qi(xi). Therefore, g
qi+1(xi) = xj which contradicts the fact that f has no
g-connection. This proves Claim J.
Claim K. Let q = max {q1, . . . , qn−1} and E be the interior of
⋃q
k=0 f
k(G), then
n−1⋃
i=1
Qi ⊆ E.
Let 1 ≤ i ≤ n − 1. If qi = 0, by Claim J, xi belongs to the interior of G which is
contained in the open set E. Now assume that qi ≥ 1 and let 1 ≤ k ≤ qi. By Claim I,
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f−k(xi) = g
k(xi). As by assumption f has no g-connection, we have that
(5) f−k(xi) /∈ {x1, . . . , xn} for every 1 ≤ k ≤ qi.
Let us prove by recurrence that Qi ⊆ E. By Claim J, f
−qi(xi) belongs to the interior of
G ⊆ E. Now let us consider k = qi−1. By (5), f
−qi(xi) 6∈ {x1, . . . , xn−1}, thus f is locally
continuous at f−qi(xi) and injective, which implies that the point f
−k(xi) = f(f
−qi(xi))
belongs to the interior of f(G), so belongs to E. Moreover, by (5), if k ≥ 1 then
f−k(xi) /∈ {x1, . . . , xn} and the reasoning can be applied once more.
Claim L. f p(E) ∩ E = ∅ for every integer p > q.
It follows from Claim A and the definition of E that, for p > q,
E ∩ f p(E) ⊆
q⋃
k=0
fk(G) ∩
p+q⋃
m=p
fm(G) = ∅.
Now we will use the above claims to conclude the proof of the theorem.
Let P = {Jℓ}
m
ℓ=1 be the invariant quasi-partition under f given by Claim G. Let
1 ≤ ℓ0 ≤ m and x ∈ Jℓ0. In the proof of Lemma 2.2, it is showed that the itinerary of
x in P, {ℓk}
∞
k=0, is eventualy periodic. Therefore there exist s ≥ 1 and p > q such that
ℓs = ℓs+p, where q is given by Claim K. As P is invariant under f , f
p(Jℓs) ⊆ Jℓs . Hence,
if Jℓs = (a, b), there exist a ≤ c < d ≤ b ≤ 1 such that f
2p ((a, b)) = (c, d). We claim that
c > a. Assume by contradiction that c = a. We have that a ∈ ∂Jℓs ⊆ {0, 1} ∪
⋃n−1
i=1 Qi
and a < 1. According to Claim K, there exists ǫ > 0 such that (a, a+ ε) ⊆ E ∩ Jℓs, thus,
as f 2p|(a,b) is an increasing contractive map, f
2p((a, a+ ε)) ⊆ (a, a+ ε). We conclude that
f 2p(E) ∩ E 6= ∅, which contradicts Claim L. This proves the claim. Analogously d < b.
Thus f 2p ((a, b)) = (c, d), where f 2p|(a,b) is a continuous contraction and a < c < d < b,
therefore f 2p has a unique fixed point y ∈ (a, b). Notice that γ = Of(y) is a periodic orbit
of f , moreover, it is clear that ω(x) = γ for every x ∈ Jℓ0 .
Now we consider the case in which x ∈ [0, 1) \∪mℓ=1Jℓ = {0}∪
⋃n−1
i=1 Qi. By the proof of
Lemma 2.2, either Of(x) is in the finite set [0, 1) \ ∪
m
ℓ=1Jℓ or there exists k ≥ 1 such that
fk(x) ∈ ∪mℓ=1Jℓ. The first case is impossible because f has no g-connection and f(0) > 0.
In the latter case, by the above, ω(x) is a periodic orbit. We have proved that there exist
r ≥ 1 stable periodic orbits γ1, . . . , γr with ω(x) ∈ {γ1, . . . , γr}, for every x ∈ [0, 1). By
[11, Theorem 1.1], we have that r ≤ n. This concludes the proof of Theorem 1.1. 
4. Final Remarks
We present here an example to expose the difference between the two periodicity notions
considered so far.
Example 4.1. Let f1 : [0, 1)→ [0, 1) be the PC of two intervals defined by
f1(x) =


1
4
+
x
2
if x ∈ I1 = [0, 1/2)
−
1
4
+
x
2
if x ∈ I2 = [1/2, 1)
.
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Notice that f1(I1)∪f1(I2) ⊆ I1, thus f1 admits only the itineraries 1111. . . and 2111. . . which
are eventually periodic. On the other hand, for every x ∈ [0, 1), the sequence f 2(x), f 3(x), . . .
is strictly increasing and converges to 1
2
, thus f1 has no periodic orbit and the one-point
set {1
2
} works as a global attractor of f1. Therefore f1 is not asymptotically periodic.
Notice that redefining f1 at x1 =
1
2
yields the asymptotically periodic map
f2(x) =


1
4
+
x
2
if x ∈ [0, 1/2]
−
1
4
+
x
2
if x ∈ (1/2, 1)
.
The map f2 is not stable in the C
0-uniform topology: the fixed-point x1 =
1
2
is easily
destroyed by a perturbation of f2. Precisely, for every 0 < ǫ <
1
4
, the 2-interval PC
[0, 1)→ [0, 1) defined by x 7→ f2(x) + ǫ has no fixed-point (i.e. no 1-periodic orbit).
We observe that a piecewise contraction f given by Theorem 1.1 is asymptotically
periodic in a stable way: if γ is a k-periodic orbit of f , then any PC C0-close to f has a
k-periodic orbit close to γ.
Acknowledgements The first-named author would like to thank the Departamento de
Computac¸a˜o e Matema´tica, USP, Ribeira˜o Preto, Brazil and De Giorgi Center, Italy, for
hospitality while this work was done.
References
[1] R. Adler and L. Flatto. Geodesic flows, interval maps, and symbolic dynamics. Bull. Amer. Math.
Soc., 25(2):229–334, 1991.
[2] M. Blank and L. Bunimovich. Switched flow systems: pseudo billiard dynamics. Dyn. Syst.,
19(4):359–370, 2004.
[3] R. Bowen. Invariant measures for Markov maps of the interval. Comm. Math. Phys., 69(1):1–17,
1979. With an afterword by Roy L. Adler and additional comments by Caroline Series.
[4] J. Bre´mont. Dynamics of injective quasi-contractions. Ergodic Theory Dynam. Systems, 26(1):19–44,
2006.
[5] H. Bruin and J. H. B. Deane. Piecewise contractions are asymptotically periodic. Proc. Amer. Math.
Soc., 137(4):1389–1395, 2009.
[6] C. Chase, J. Serrano, and P. J. Ramadge. Periodicity and chaos from switched flow systems: contrast-
ing examples of discretely controlled continuous systems. IEEE Trans. Automat. Control, 38(1):70–
83, 1993.
[7] J-M. Gambaudo and C. Tresser. On the dynamics of quasi-contractions. Bol. Soc. Brasil. Mat.,
19(1):61–114, 1988.
[8] C. Gutie´rrez. Smoothability of Cherry flows on two-manifolds. In Geometric dynamics (Rio de
Janeiro, 1981), volume 1007 of Lecture Notes in Math., pages 308–331. Springer, Berlin, 1983.
[9] I-J Jeon. Outher billiards with contraction. Senior Thesis, Brown University, 2012.
[10] A. S. Matveev and A. V. Savkin. Qualitative Theory of Hybrid Dynamical Systems. Birkhauser, NY,
2000.
[11] A. Nogueira and B. Pires. Dynamics of piecewise contractions of the interval. Preprint available at
http://arxiv.org/pdf/1206.5676v1.pdf, 2012.
